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Discussion on Pareto Efficiency and
Self-Stability of Weighted Majority Rules
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Abstract

We consider a Bayesian environment with independent private
values and two possible alternatives. We characterize the set of
weak Pareto efficient weighted majority rules. Based on the
characterization, we discuss the connection between Pareto

efficiency and self-stability of weighted majority rules.
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1. Introduction

Pareto efficiency is a classic concept of efficiency. In a set of voting

rules, one rule is Pareto efficient, if there exists no other rule that

makesall agents better off with at least one strictly better off. This

efficiency is weak that many economists just consider it as a

necessary axiom. In this paper, we will examine this axiom through

the lens of stability. Suppose members of a society can propose to

replace the current rule by others, which rules will survive in the

long-run? Can Pareto efficient rule remain? In the literature of the
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stability of voting rules, Barberaand Jackson (2006) (BJ henceforth)
develop a theory that is based on the endogenous preferences of
agents over voting rules, a theoretical framework to study these
questions. The key concept, which characterizes voting rules that can
survive proposed changes, is called self-stability. As an example, a
rule f is self-stable if, given any proposed alternative rule g, the
coalition of agents who prefer g to f is not large enough to win the
vote on replacing f by g, where the rule used for this latter decision
is f itself. The idea underlying this concept is that the voting rule f
governs both ordinary decisions and decisions on changes to the
voting rule itself. B] also consider the case of constitutions, where a
different rule /' is used to decide between f and g. This concept of
constitution is used in this paper. In BJ's paper, they analyze
self-stability of voting rules that treat all the voters symmetrically. In
other words, they study the case of anonymous rules in which a
reform passes if and only if the number of its supporters exceeds the
threshold specified by the rule. They find that self-stable rules may
not exist in this setup, and they establish conditions (on the
characteristics of the society) that guarantee the existence self-stable
rules.

Azrieli and Kim (2016) extend this analysis to a larger class of
voting rules, namely to the class of weighted majority rules. There
are many examples of institutions that use rules in which different
agents have different voting weights: In the United Nations Security
Council the permanent members have veto power, which gives them
stronger voting power than the power of other members; in the
Council of the European Union the number of seats of each country
depends on its size; and in the International Monetary Fund
members’ voting weights depend on the size of their economies.
Therefore, understanding what types of rules are self-stable is

important, when anonymity is not assumed (One can find in Azrieli
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and Kim (2014) that those rules are indeed weighted majority rules).

Azrieli and Kim (2016)show that only few rules of a very
particular form are self-stable. Each self-stable rule partitions the
society into at most three groups, where the weights of agents within
each group are identical. The first group contains ‘veto’
players,agents that can single-handedly vote to turn down any
reform. The second group contains ‘null’ players whose votes are
weighted zero, never affecting the outcome. The last group contains
‘normal’ players that represent agents of the rest of the society.
According to a self-stable rule, a reform passes if and only if the
coalition of reform supporting agents contains all the veto players
and at least a certain number of normal players. There are additional
constraints on the numbers of veto players and normal players that
is necessary to be satisfied for the rule to be self-stable. These
constraints vary with the characteristics of the society, but in every
society self-stability implies that the rule has the form of at most
three groups, described above.

On the other hand, Azrieli and Kim (2014) characterize the set of
ex-ante and interim incentive efficient voting rules. The ex-ante stage
is the information stage where no voter knows the value for
alternatives, given the distribution of the values. On the other hand,
the interim stage is the information stage where each voter’s value
for the alternatives is private. In this paper, the ex-ante stage is the
main focus. The ex-ante incentive efficient voting rule is the rule that
is (ex-ante) Pareto efficient and incentive compatible. It turns out to
be a weighted majority rule with the special weights and quota.
Regarding the Pareto efficiency of weighted majority rules, we use
their arguments and results.

On top of the contributions of those papers above, this paper
discusses the relationship between Pareto efficiency and Self-stability

of weighted majority rules. In our formal model, a voting rule is any
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mapping from preference profiles over {Reform, Statusquo}={R, S}
to lotteries over this set. A weighted majority rule is a voting rule
that assigns weights to the agents and sets a quota, such that R is
chosen if the total weight of the agents that support R exceeds the
quota, and S is chosen if the total weight is smaller than the quota.l)

Our Proposition 1 is a characterization of the class of weakly
Pareto efficient weighted majority rules. Here a weakly Pareto
efficient rule is the rule that there is no other weighted majority rule
that makes all agents strictly better off than before. In other words,
this rule cannot be defeated by any other weighted majority rule in
the sense that all agents do not strictly prefer any alternative
weighted majority rule to this rule. Thus, it is naturally linked to the
definition of self-stable constitution where the rule # is the
unanimous rule. Proposition 1 provides this link between weak
Pareto efficiency and self-stability of weighted majority rules.

Our Proposition 2 shows that the set of weak Pareto efficient
weighted majority rules are indeed the same as the set of Pareto
efficient weighted majority rules. The set are not the same in general;
however, if we consider the set of ordinal weighted majority rules in
our environment, Proposition 2 shows that two sets turn out to be
the same. Combining two propositions, we are able to obtain the
connection between Pareto efficiency and self-stability of weighted
majority rules.

The assumptions we make about the environment (two
alternatives, independent private values) are restrictive; however,
they allow us to get a clean characterization of the Pareto frontier.
From a practical point of view, the two alternatives assumption is

less problematic, since binary decision is frequently used in reality.

1) It is slightly different from the weighted majority rules in Azrieli and Kim
(2014) in the sense that their tie-breaking rule favors the status quo. This
paper allows any tie-breaking rule.
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Although type independence is restrictive in our context, given the
pervasiveness of this assumption in the literature, we think that it is

an interesting benchmark to study.

IT. Related Liturature

The theoretical study of weighted majority rules dates back at least
to von-Neumann and Morgenstern’s book (1944). The old literatures
try to examine measurements of the power of players in various
cooperative games generated by different rules (e.g., Shapley and
Shubik, 1954).

The large body of this paper is also heavily related on mechanism
design. The main difference between this paper and ours is the
assumption. We assume that monetary transfer is not allowed. We
are confident that such assumption is quite realistic because in
everyday life for ethical, or even for moral reasons monetary
transfers are infeasible or excluded.

Now, our paper is related to previous literatures like following.
The model we use, in which agents’ preferences over voting rules are
endogenously determined from their assessments regarding their
future preferences over alternatives, was first suggested in early
papers by Rae (1969), Badger (1972), and Curtis (1972). In these
papers, all agents’ votes are weighted identically under anonymous
voting rules.

The theoretical investigation of weighted majority rules appears
already in the seminal book of von-Neumann and Morgenstern
(1944), who are mainly interested in measures of the voting power of
agents under the rule. A common scenario leading to heterogeneous
voting weights is that of a representative democracy with

heterogeneous district sizes. Azrieli and Kim (2014) show that, in a
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standard mechanism design setup, weighted majority rules naturally
arise from considerations of efficiency and incentive compatibility.

Several papers extend the analysis of BJ’s self-stability concept in
various directions. Wakayama (2002) studies self-stability under the
possibility that agents can abstain from voting. Kultti and Miettinen
(2009)study self-stability in a model of constitutions with several
layers of voting rules, where the voting rule in each layer is used to
decide on changes to the voting rule of the previous one. The same
authors consider a different set up such that there exists a continuum
of agents. In this set up, they analyze stability of voting rules (Kultti
and Miettinen, 2007)

Finally, the idea that the same voting rule used for the ordinary
decision is also used for the special decision to choose between
voting rules resembles the concept of self-selection for social choice
functions introduced by Koray (2000). Also refer Barbera and Bevia
(2002) and Koray and Slinko (2008).

The rest of paper is organized as follows. In the next section we
describe the voting environment and give the definition of weighted
majority rules. We mostly follow the notations in Azrieli and Kim
(2016). In Section 4, we provide the characterization of weak Pareto
efficient weighted majority rules. The characterization helps to
discuss the connection between Pareto efficiency and self-stability of

weighted majority rules. Proofs are in the Appendix.

M. Enviroment

A society faces a binary decision of whether to implement a
Reform (R) or to keep the Status quo (). There are n > 2 agents in
the society indexed by i€ [n]:={1,..,n}. Each agent can either

prefer R or S. The ex-ante probability that agent ¢ prefers R is



Pareto Efficiency and Self-Stability of Rules 161

p,€(0,1), and with the complement probability 1—p, he prefers .

We assume throughout the paper that agents’ types are independent,

and for every subset of agents (coalition) 7°< [n] we denote

p(T)= sz' H(l_pi)

€T 1T

the probability that the agents in 7' are exactly those who like R.
Each agent ¢ has the utility function, parameterized by r; > 0: If R
is implemented, then an agent who prefers R gets a utility of r; and
an agent who prefers S gets a utility of -1; if the Status quo prevails
then both types get a utility of zero. A society can therefore be
characterized by the pair (p,r), where p= (p;,...,p,) and r=

(Ppseesm,).

A voting rule is used to aggregate the preferences of the agents into
a decision. Formally, a voting rule is any mapping f: 2[”]%[0,1],
with the interpretation that, for any coalition 7, f(7) is the
probability that R is chosen when the members of 7" are those who
prefer R. Given a voting rule f, the expected utility of agent i is

given by

(Df(n)— > p(Df(D). (1)

In this paper we focus our attention on weighted majority rules.
These are relatively simple voting rules and we refer the reader to
Azrieli and Kim (2014) for a discussion of the importance of these
rules based on efficiency considerations. The formal definition is as

follows.

Definition 1. A voting rule f is a weighted majority rule if there are
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non-negative weights w= (w,...,w,) and a quota 0 < ¢ < > w; such
that
Lif E w; > q
f(T) — SVA

0, if 2w <4
e T

Let 1 be the set of weighted majority rules. Since the weighted
majority rules in this paper are ordinal, those rules are incentive
compatible, which is shown in Azrieli and Kim (2014). Thus, we can
leave apart from the incentive problems and focus on the aspect of

efficiency and stability. We write f = (w,q) if f can be represented
by these weights and quota.?) Given a weighted majority rule (w,q),
w(7):=>,c yw; denotes the total weight of coalition 7. Finally, if
f=(w,q) then the expected utility of i under f in (1) can be

rewritten as

U(f)=r Y p(D)- 3 p(T). (2)

{T:w(T) > qic T} {T:w(T)>qiz T}

V. Pareto Efficiency and Self-Stability

In thissection, we discuss the connection between Pareto efficiency

and Self-stability. First, we define Pareto efficiency of voting rule.

Definition 2. A voting rule f is Pareto Efficient if there is no g€ W
such that U;(g) = U;(f) for every agent i with at least one strictly

2) Note the weights and quota that define a weighted majority rule are typically
not unique, that is the same rule f may be represented by different sets of
weights and quotas. The concepts we study do not depend on the particular
representation used.
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better off.

For the direct connection between Pareto efficiency and
Self-stability, we need a weak version of Pareto efficiency of voting

rules.

Definition 3. A voting rule f is weakly Pareto Efficient if there is no
g€ W such that U;(g) > U,(f) for every agent i.

Next, we define self-stability of weighted majority rules. Let f be
a weighted majority rule and let g be an arbitrary voting rule.
Denote by 7(g,f)={iE€ [n]: U;(g) > U,(f)} the coalition of agents for
which rule ¢ yields a strictly higher expected utility than rule f. We

can now define the concept of self-stability.

Definition 4. Given a society (p,r), a weighted majority rule f is
self-stable if f(7(g,f))=0 for any weighted majority rule g.
Equivalently, if f= (w.q), then self-stability means that w({i: U;(g)

> U;(f)}) < q for any weighted majority rule g.

In words, self-stability of an incumbent rule f means that no
alternative rule ¢ (the reform) would have sufficient support to
replace f if the voting rule used to determine the winner is f itself.
We emphasize that our definition of self-stability requires the
incumbent rule f to be a weighted majority rule and allows the
alternative rule ¢ only to be weighted majority rules.?)

It is often the case that the voting rule used for everyday decisions,
say f, is different than the rule used to make procedural

amendments such as replacing f by another rule. Following BJ, we

3) It is also different from Azrieli and Kim (2016). This paper does not need the
larger set of alternative rules than the weighted majority rules.
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call a pair of weighted majority rules (f,F) a constitution. The
interpretation is that # is the rule used to determine whether f will
be replaced by another rule, and f is used for all other decisions.

Then we can define self-stability of constitution in the following way.

Definition 5. Given a society (p,r), a constitution (f,F)E Wx IV is

self-stable if F(7(g,f)) =0 for every voting rule g& W.

Note that this definition generalizes the definition of self-stable
voting rule. We can define the self-stable voting rule, using the
concept of constitution such that f is self-stable if and only if the
constitution (f,f) is self-stable.

Now we are ready to show our main results.

Proposition 1. The following statements are equivalent.
1. A voting rule fE F is weakly Pareto efficient.
2. A constitution (f,F) is self-stable where F is the unanimous rule.

3. There are non-negative numbers \,...,\, such that f is a weighted

n

majority rule with weights and quota given by (X (r; +1),..,\,(r,
+1);21€N>‘i)'

This proposition first shows the relations between the weak Pareto
efficiency and self-stability of weighted majority rules. Indeed, a
weak Pareto efficient rule is a rule of constitution f under the
unanimous rule of F. This connection is straightforward by the
definitions of weak Pareto efficiency and self-stability. But it can
show the stability of weak Pareto efficient rules in the sense that they
endure the challenge of other weighted majority rules, not just show
some degree of efficiency. Furthermore, this proposition characterizes
the weak Pareto efficient rules. In Appendix, we also characterize the

Pareto efficient rules where the only difference is that weak Pareto



Pareto Efficiency and Self-Stability of Rules 165

efficiency allows zero for \; for some agent i, not all. Thus, it looks
that the set of weak Pareto efficient weighted majority rules are
larger than the set of Pareto efficient weighted majority rules.
However, the following proposition says that the sets are indeed the

same.

Proposition 2. A voting rule f& W is weakly Pareto efficient if and only
if it is Pareto efficient.

This is interesting by its own because Pareto efficiency implies
weak Pareto efficiency in general, not the opposite direction.
However, in our environment Proposition 2 shows that the opposite
direction holds. Also, the following corollary can connect the concept
of Pareto efficiency and self-stability of weighted majority rules

combining Proposition 1 and 2. Thus the proof is omitted.

Corollary 1. A voting rule f& W is Pareto efficient if and only if a

constitution ( [ F ) is self-stable where F is the unanimous rule.
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Appendix

Proof of Proposition 1

The equivalence between land 2 are made by the definition of
weakly Pareto efficiency and Self-stability of voting rules. We focus
on the equivalence between 1 and 3.4 First, we characterize the set
of voting rules that maximize (ex-ante) social welfare, i.e., the sum of

ex-ante expected utilities of all the agents in our environment.

Definition 6. The (ex-ante) social welfare of a voting rule f is

V(f)= > U(f)

iIEN

Lemma 1. A voting rule f is a maximizer of V' if and only if it is

the weighted majority rule with w=r;+1 for all i and ¢=n.

Proof of Lemma 1.

We refer readers to Theorem 1 in Azrieli and Kim (2014). In this
lemma, we do not consider incentive compatibility, which does not
affect the lemma. The weights and quota are derived according to
our environment.

Assume first that f is a weighted majority rule with weights and
quota as in the proposition. We will consider an auxiliary
environment with the same set of agents, types and distribution over
types as in the original environment. But the utilities in the new
environment are given by u; (t;) = \u,(t;) for every i and t;. From
Lemma 1, f is a maximizer of V in the auxiliary environment. In

other words, f is a maximizer of

4) In this part, the proof is similar to the proof of Theorem 3 in Azrieli and Kim
(2014). However, this proposition deals with weak Pareto efficiency, not
(strong) Pareto efficiency in Azrieli and Kim (2014).
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D20/ (9)=DNTilg)

among all functions g& W. Since all the As' are non-negative, f
maximizes a linear combination with non-negative coefficients of the
ex-ante utilities of the players. This proves that f is weakly Pareto
efficient.

Conversely, let f be weakly Pareto efficient. We argue first that

there are non-negative numbers {\},c 5 such that f is a maximizer of
Z)\le(g)
i

among all functions g& W. Indeed, the set W is convex since it
allows the randomized rules. Also, the mapping from voting rules to
ex-ante utility vectors is affine: U (af+(1—a)g)=aU,(f)+(1—
a)U;(g) for any f,gE W and any a€[0,1]. It follows that ex-ante
utility possibility set is convex. For convex sets, weak Pareto
efficiency is characterized by maximization of linear combinations of
utilities with non-negative coefficients. Thus, f is socially optimal in
an auxiliary environment with utilities given by w;’ (t;) = \u;(t;). By

Lemma 1, f satisfies the condition in the proposition. []

Proof of Proposition 2

[If part] It is obvious by definitions of weak Pareto efficiency and
Pareto efficiency.

[Only if part] The following lemma can be derived from Theorem
3 in Azrieli and Kim (2014) where the weights and quota are
changed corresponding to our environment. Thus, we omit the proof

of Lemma 2.

Lemma 2. A voting rule f& W is Pareto efficient if and only if there
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are strictly positive numbers Aj,...,A, such that f is a weighted

majority rule with weights and quota given by

M 1) 0, +1)5 30N

IEN

Assume that f is weakly Pareto efficient. By Proposition 1, we

have non-negative numbers A;,..,A, such that f is a weighted

majority rule with weights and quota given by (\,(r, +1),...,\,(r,

+1); 2, n ;. Let O be the set of agents whose \; =0. Recall the

form of weighted majority rules,

1’ifieZTwi>q
0,4f dw;<q

ieT

(1) =

By Lemma 2, it is sufficient to show that there are strictly positive
numbers Aj,...,A, such that f is a weighted majority rule with new
weights and quota given by
(AL (ry +1), .\, (r, +1);3,2 yA;). Consider A\, =\, for i& O and
)\L =¢ for i€ O. Then

d=q+Zicoe and X,cw/=Zcr ol +1)+2cmoe=
2ie Wi+ 2ie 1 o8-

When 2ic yw; > ¢, 2% yw)’ = Zie qw; + Zie 1 08 > 42 ie 1 0 =
q—Zico- re.

Then we can find extremely small ¢> 0 that X,c ;w;, > ¢ when

2lc rw; > q. The same logic can be applied when X,c yw; < q¢. [
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